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In singularity theory, there are certain well-known facts about
holomorphic functions f : (Cn, 0)→ (C, 0). What happens if we
replace (C, 0) by (Ck , 0), k ≤ n ?
Start with classical case:

1. f : (Cn, 0)→ (C, 0), isolated singularity, n > 0. Then:
a) f is open,
b) we have the Milnor fibration: 0 < α� ε� 1, then
f |{‖z‖ ≤ ε, |f | < α} → {|t| < α} is a C∞ fibre bundle over
{0 < |t| < α}, and this fibration essentially does not depend on
choice of ε, α,
c) R l(f |{‖z‖ ≤ ε, |f | < α})∗Z is locally constant on {0 < |t| < α}.
This enables the introduction of the (cohomological) monodromy,
as it follows from b).

HELMUT A. HAMM Holomorphic mappings and Milnor fibrations



In singularity theory, there are certain well-known facts about
holomorphic functions f : (Cn, 0)→ (C, 0). What happens if we
replace (C, 0) by (Ck , 0), k ≤ n ?
Start with classical case:

1. f : (Cn, 0)→ (C, 0), isolated singularity, n > 0. Then:
a) f is open,

b) we have the Milnor fibration: 0 < α� ε� 1, then
f |{‖z‖ ≤ ε, |f | < α} → {|t| < α} is a C∞ fibre bundle over
{0 < |t| < α}, and this fibration essentially does not depend on
choice of ε, α,
c) R l(f |{‖z‖ ≤ ε, |f | < α})∗Z is locally constant on {0 < |t| < α}.
This enables the introduction of the (cohomological) monodromy,
as it follows from b).

HELMUT A. HAMM Holomorphic mappings and Milnor fibrations



In singularity theory, there are certain well-known facts about
holomorphic functions f : (Cn, 0)→ (C, 0). What happens if we
replace (C, 0) by (Ck , 0), k ≤ n ?
Start with classical case:

1. f : (Cn, 0)→ (C, 0), isolated singularity, n > 0. Then:
a) f is open,
b) we have the Milnor fibration: 0 < α� ε� 1, then
f |{‖z‖ ≤ ε, |f | < α} → {|t| < α} is a C∞ fibre bundle over
{0 < |t| < α}, and this fibration essentially does not depend on
choice of ε, α,

c) R l(f |{‖z‖ ≤ ε, |f | < α})∗Z is locally constant on {0 < |t| < α}.
This enables the introduction of the (cohomological) monodromy,
as it follows from b).

HELMUT A. HAMM Holomorphic mappings and Milnor fibrations



In singularity theory, there are certain well-known facts about
holomorphic functions f : (Cn, 0)→ (C, 0). What happens if we
replace (C, 0) by (Ck , 0), k ≤ n ?
Start with classical case:

1. f : (Cn, 0)→ (C, 0), isolated singularity, n > 0. Then:
a) f is open,
b) we have the Milnor fibration: 0 < α� ε� 1, then
f |{‖z‖ ≤ ε, |f | < α} → {|t| < α} is a C∞ fibre bundle over
{0 < |t| < α}, and this fibration essentially does not depend on
choice of ε, α,
c) R l(f |{‖z‖ ≤ ε, |f | < α})∗Z is locally constant on {0 < |t| < α}.
This enables the introduction of the (cohomological) monodromy,
as it follows from b).

HELMUT A. HAMM Holomorphic mappings and Milnor fibrations



2. As in 1. but drop ”isolated singularity”. In the stupid case
f ≡ 0 a) fails.
But otherwise: all statements above are still true. a): easy

b) not at all evident.
Need: Sε intersects all {f = t}, 0 < |t| � ε� 1, transversally.
But there is a stratification of (Cn, 0) which satisfies Thom’s af
condition, by Hironaka.
In fact, Whitney’s condition b implies af in the complex case, by
Briançon-Maisonobe-Merle.
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3. Now replace C by Ck , n ≥ k > 1. First: case of an isolated
singularity.
What does this mean? Impossible: f has an isolated critical point.
So suppose instead: f −1(0) is an ICIS: i.e. has dimension n − k
and has an isolated singular point.
Then: f : C → {‖t‖ < α} is finite, where C := set of critical
points of f in {‖z‖ < ε, ‖f (z)‖ < α}.
So f (C ) analytic subset of (Ck , 0), in fact, a hypersurface.
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What about a), b), c)?
a) still holds (trivial)

b) f |{‖z‖ ≤ ε, ‖f ‖ < α} → {‖t‖ < α} is a C∞ fibre bundle over
{‖t‖ < α} \ f (C ), and this fibration essentially does not depend on
choice of ε, α,
c) R l(f |{‖z‖ ≤ ε, ‖f ‖ < α})∗Z is locally constant on
{‖t‖ < α} \ f (C ). This follows from b).
In particular, we have an action of the fundamental group
π1({‖t‖ < α} \ f (C )) on the cohomology groups of the general
fibre (monodromy).
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Remark on the discriminant f (C ): (C , 0) subgerm of (Cn, 0).
Unclear: definition of its image as a germ.

The question about images of germs has been discussed by C.
Joiţa and M. Tibǎr:
in [JT1]: The local image problem for complex analytic maps.
arXiv: 1810.05158v4.
and [JT2]: Images of analytic map germs, and singular fibrations.
European J. of Math. 6, 888-904 (2020).
Take representative of C . If 0 < ε′ < ε� 1: C ∩Bε′ ,C ∩Bε define
same germ, but what about f (C ∩ Bε′), f (C ∩ Bε)? Here o.k.:
f (C ∩ Bε′) ∩ {|t‖ < α} = f (C ∩ Bε) ∩ {|t‖ < α} if
0 < α� ε′ < ε� 1.

But for other analytic subgerms there might be a problem.
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4. Finally pass to the general case f : (Cn, 0)→ (Ck , 0), n ≥ k .
Then the geometry of the mapping can be very complicated. As it
was known to R. Thom, this happens in particular with
(non-trivial) blowing-up,
that is why he introduced the notion of ”morphisme sans
éclatement”. The Thom af condition fails, whatever stratification
we take.
Of course the blowing-up map is also discussed by Joiţa and Tibǎr.

Easiest example of a blowing-up mapping:
f : C2 → C2 : (z1, z2) 7→ (z1, z1z2).
a) must fail: f (C2) = (C∗ × C) ∪ {0}.
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Now look at f (Bε): it is compact semialgebraic. More precisely:
Image of {|z1|2 + |z2|2 ≤ ε2}: {|w1|2 + |w2/w1|2 ≤ ε2} ∪ {0},
because w1 = z1,w2 = z1z2,
i.e. |w1|4 + |w2|2 ≤ ε2|w1|2, or: |w2| ≤ |w1|

√
ε2 − |w1|2.

Real part: figure eight together with interior, take orbit under
action of torus S1 × S1.

The germ of f (Bε) at 0 moves with ε, and it is not complex
analytic.
In fact, this ”moving” is responsible for the image not being
complex analytic, as we will see.
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Let us return to an arbitrary map f : (Cn, 0)→ (Ck , 0).
First let us discuss the question of openness. This has been treated
by Joiţa and Tibǎr:

f is open as soon as dim f −1(0) = n − k ([JT2] Prop. 2.3),
f is open if and only if there is no complex curve in (Ck , 0) which
intersects the image of f only at 0 ([JT1] Prop. 3.5).

Both conditions are violated in our case.
But it is more difficult to tell something in the case of a non-open
mapping. We will prove:

Suppose that the image of (Cn, 0) is a well-defined germ. Then
this germ is complex analytic.

This generalizes [JT1] Prop. 2.1 from k = 2 to arbitrary n. Note
that the germ must then be irreducible, of course.
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For the proof, use a kind of valuative criterion for complex
analyticity of a subanalytic germ.
”Valuative” means here: use a reduction to curves:

Let U be open in Cn. Suppose that A ⊂ U is subanalytic and
closed. The following conditions are equivalent:
a) For all x ∈ A and all irreducible complex curve germs Γ in U at
x : Γ ∩ A = {x} or Γ ⊂ A,
b) A is complex analytic.
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Recall our claim:

Let U be open in Cn. Suppose that A ⊂ U is subanalytic and
closed. The following conditionsare equivalent:
a) For all x ∈ A and all irreducible complex curve germs Γ in U at
x : Γ ∩ A = {x} or Γ ⊂ A,
b) A is complex analytic.

Proof: b) ⇒ a): clear.
a) ⇒ b): Let x ∈ Areg , v ∈ TxAreg , represented by a real analytic
curve germ in A. Let Γ be its complexification. Then Γ ∩ A 6= {x},
hence Γ ⊂ A. So J(v) ∈ TxAreg , too, hence Areg is an almost
complex submanifold of U. By the Newlander-Nirenberg theorem,
the integrability condition is fulfilled, so Areg is a complex
submanifold of U.
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We cannot conclude directly that A must be complex analytic:
Take a closed disc in the complex plane, then the regular part is
the open disc, hence a submanifold of C, but the closed disc is not
complex analytic. So we must use our hypothesis again.

We choose a subanalytic Whitney stratification of A. We know
already that dim A is even, so let dim A = 2m. Assume that there
is a stratum S of dimension 2m− 1. Let x ∈ S . The v ∈ TxS such
that J(v) ∈ TxS form a vector space of complex dimension s.
Choose s general complex linear functions in order to reduce to the
case s = 0.
Then there is an embedding γ : I 2m−1 → S where I is an open
symmetric interval. Let D be the corresponding disc, then by
complexification we get an embedding Γ : D2m−1 → Cn. Our
hypothesis implies by induction that Γ(Dd × I 2m−d−1),
d = 0, . . . , 2m − 1, is contained in A, so Γ(D2m−1) ⊂ A, hence
4m − 2 ≤ 2m, i.e. m = 1.
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So dim S = 1, dim A = 2, Γ(D) is a smooth complex curve in A,
hence Γ(D) consists of two local branches of A (which is
considered to be branched along S). Suppose there is still another
one: then we find another irreducible complex curve which
intersects Γ(D) along S which is impossible.

Now return to our original situation. Let A′ be the closure of the
union of all strata of dimension 2m. Then we get that the strata of
dimension 2m − 1 are superfluous for A′, so A′sing has real
codimension ≥ 2 in A.
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Since A′reg is complex analytic of pure dimension m we obtain that

A′ is complex analytic, by the

Theorem of Remmert-Stein-Shiffman: Suppose that X is a
complex space, A a closed complex analytic subset of X \ B of
pure dimension m, where B is closed in X and the
2m − 1-dimensional Hausdorff measure of B is 0, then Ā is a
purely m-dimensional complex analytic subset of X .

Note that the condition on B is fulfilled, in particular, if B is
complex analytic of dimension < m: Theorem of Remmert-Stein.
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In our case: the (2m − 1)-dimensional Hausdorff measure of a
subanalytic subset of dimension ≤ 2m − 2 is 0.

Suppose that there is a component of Areg of dimension < 2m:
The dimension is even, 2k , say, let k be chosen maximal. Assume
that S is a stratum in its closure A” of dimension 2k − 1: If
S 6⊂ A′ argue as before so that S is superfluous.

Otherwise argue similarly as before, by reduction to the case
k = 1, so that S is superfluous.
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After all, A”sing is of codimension ≥ 2 in A”, so A” is complex
analytic by Remmert-Stein-Shiffman.

Continuing we conclude that A is the union of complex analytic
sets, hence complex analytic itself.
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Recall the result announced before, in a generalized form:

Suppose that (B, 0) is a complex analytic subgerm of (Cn, 0) and
that the image of (B, 0) is a well-defined germ. Then the image
germ is complex analytic.

Proof: Let 0 < α� ε� 1 and x ∈ Ck , ‖x‖ < α. Let Γ be an
irreducible complex curve germ at x . Look at f |f −1(Γ) ∩ B ∩ Bε.
We may suppose now that Sε intersects f −1(x)∩B transversally in
the stratified sense with respect to some Whitney stratification of
f −1(Γ) ∩ B which is compatible with f −1(x) ∩ B. Then Sε
intersects all nearby fibres of f |B transversally, too, so
f (f −1(Γ) ∩ B ∩ Bε) = Γ ∩ f (B ∩ Bε) is open in Γ or = {x}. Now
apply the valuative criterion.
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Now let us turn to question b). Let C be the set of critical points
of f . Here we restrict to the case where the image of the germ
(C , 0) is a germ (D, 0): discriminant. We have just seen that D is
complex analytic.

Under this hypothesis, the following statements are equivalent:
a) within f −1(0), 0 is an isolated accumulation point of the set of
z 6∈ f −1(D), S‖z‖ not transversal to f −1(f (z)),
b) f : {z | ‖z‖ ≤ ε, |f (z)| < α, f (z) 6∈ D} → {|t| < α, t 6∈ D} is a
differentiable fibre bundle (generalized Milnor fibration).

In this case: the image germ of (Cn, 0) is (Ck , 0) resp. (D, 0) if
the fibres are non-empty resp. empty.

Trivial example: f : C2 → C2 : (z1, z2) 7→ (z21 , z2).

Condition b) is similar to the tameness condition in [JT2] (but not
the same).
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The proof is straightforward.

The example of the blowing-up mapping above shows that it is not
sufficient to assume that the germ of f (C ) is well-defined: there,
C = {0} × C, so f (C ) = {0}.
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